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ABSTRACT We construct a minimal model of cytosolic free Ca2+ oscillations based on Ca2+ release via the inositol 1,4,5-
trisphosphate (IP3) receptor/Ca2+ channel (IP3R) of a single intracellular Ca2+ pool. The model relies on experimental evidence
that the cytosolic free calcium concentration ([Ca2+]C) modulates the IP3R in a biphasic manner, with Ca2+ release inhibited
by low and high [Ca2+]c and facilitated by intermediate [Ca2+]c, and that channel inactivation occurs on a slower time scale than
activation. The model produces [Ca2+]c oscillations at constant [IP3] and reproduces a number of crucial experiments. The
two-dimensional spatial model with IP3 dynamics, cytosolic diffusion of IP3 (Dp = 300 pm2 s-1), and cytosolic diffusion of Ca2+
(Dc = 20 pum2 s-1) produces circular, planar, and spiral waves of Ca2+ with speeds of 7-15 pm-s-1, which annihilate upon
collision. Increasing extracellular [Ca2+] influx increases wave speed and baseline [Ca2+]c. A [Ca2+]c-dependent Ca2+ diffusion
coefficient does not alter the qualitative behavior of the model. An important model prediction is that channel inactivation must
occur on a slower time scale than activation in order for waves to propagate. The model serves to capture the essential
macroscopic mechanisms that are involved in the production of intracellular Ca2+ oscillations and traveling waves in theXenopus
laevis oocyte.
INTRODUCTION
Changes in the concentration of cytosolic free calcium
([Ca2"]J) have been found to be responsible for the initiation
and regulation of a variety of cellular functions including
cellular proliferation, secretion, metabolic adjustments, and
changes in gene expression (Berridge, 1993; Davis, 1992).
The spatiotemporal patterns of [Ca2+], as a result of agonist
stimulation are as diverse as the roles Ca21 plays in different
cells. The temporal pattern of [Ca2+]C observed in a variety
of cells includes oscillations or repetitive spiking (Berridge,
1993; Cobbold and Cuthbertson, 1990; Meyer and Stryer,
1991; Tsunoda, 1991). Some cells, most notably Xenopus
oocytes, also exhibit interesting spatial patterns of [Ca2]1c,
including propagating waves and target and spiral patterns
(Lechleiter and Clapham, 1992). Ca2+ waves have also been
observed in myocytes, astrocytes (Charles et al., 1991), he-
patocytes (Meyer and Stryer, 1991), and airway epithelial
cells (Sanderson et al., 1990; Boitano et al., 1992).
The exact function of the complex spatiotemporal patterns
of Ca2+ is not yet understood. However, it is believed to be
an efficient way of encoding information and transmitting the
signal intracellularly (Lechleiter and Clapham, 1992). Os-
cillations may permit a smoothly graded input, such as per-
centage receptor occupancy, to be translated into a digital
all-or-nothing signal in which the information is encoded in
the pulse frequency (Tsien and Tsien, 1990). In this way,
Ca2+ spikes, like action potentials, enable cells to use digital
logic in transducing signals (Meyer and Stryer, 1991), thus
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increasing the signal-to-noise ratio. Ca2" waves are used to
propagate signals both within and between cells. Intracellular
waves enable a whole cell to respond appropriately to a local
stimulus, while intercellular waves propagate this signal to
obtain a coordinated response from surrounding cells.
Although a number of models have been proposed, the
underlying cellular mechanisms responsible for [Ca2"]c os-
cillations and wave propagation remain undefined. It seems
likely that the responsible mechanisms differ from one cell
type to another.
It is of interest to us to understand the mechanisms un-
derlying the complex spatiotemporal behavior of Ca2" in the
Xenopus oocyte. Although this behavior is wavelike in nature
(Lechleiter and Clapham, 1992; Girard and Clapham, 1993;
Camacho and Lechleiter, 1993; Parker and Yao, 1992), it is
almost certainly the result of an underlying excitable/
oscillatory temporal mechanism (Murray, 1989). Thus, in
order to construct a realistic model of the spatiotemporal
patterns of Ca21 in the Xenopus oocyte, one must first con-
struct a temporal model for oscillations.
A number of mathematical models, based on different
theoretical models, have been proposed to account for in-
tracellular [Ca2+]C oscillations in a variety of cells. However,
given current experimental evidence, none of the previous
models serve to adequately describe Ca21 oscillations and
waves in the Xenopus oocyte.
In accordance with experimental evidence, all the models
agree on the initial phase of this process. The binding of
neurotransmitters or hormones to receptors linked via
G-proteins (Davis, 1992) to phospholipase C (PLC) causes
the breakdown of membrane-bound phosphotidylinositol-
(4,5)-bisphosphate, producing two messengers, the lipid-
soluble diacylglycerol (DAG) and the water-soluble IP3
(Berridge, 1987; Berridge and Irvine, 1989; Peterson and
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Wakui, 1990). IP3 then releases Ca2" from an IP3-sensitive
store, widely believed to be the endoplasmic reticulum (ER).
The models can be categorized into two types, depending on
whether they require oscillating [IP3] to drive the oscillations
in [Ca2+]c. The first class requires oscillating [IP3] and in-
cludes (a) the IP3-Ca21 cross-coupling model of Meyer and
Stryer (1991), which involves IP3-induced Ca2' release and
Ca2+-stimulated IP3 formation, and (b) the agonist-receptor
oscillator model of Cuthbertson and Chay (1991), which
models interactions and feedback of the elements of the phos-
phatidylinositol (PI)-linked pathway and involves negative
feedback of DAG-stimulated protein kinase C and subse-
quently IP3 production. At present, it is not possible to meas-
ure [IP3] intracellularly with a high temporal resolution, and
thus one cannot definitively say whether [PP3] oscillates dur-
ing receptor activation. However, there is evidence that ques-
tions the significance of feedback on IP3 production in the
generation of Ca21 oscillations in theXenopus oocyte as well
as in other cell types. Experiments in which oscillations were
induced using myoinositol (1,4,5)trisphosphorothioate
(IP3S3) in place of IP3 (Lechleiter and Clapham, 1992;
Peterson and Wakui, 1990) argue against the necessity for
oscillating [1P3] to drive the [Ca2+]c oscillations. Also, the
spatiotemporal patterns of [Ca2+]c in theXenopus oocyte are
the same regardless of whether IP3 or IP3S3 is used to initiate
the oscillations and waves (Lechleiter and Clapham, 1992;
DeLisle and Welsh, 1992).
The second class of models does not require oscillations
in [1P3] to drive the oscillations in [Ca2+]c; oscillations in
[Ca2+]c occur for appropriate and constant [1P3]. The second
class of models includes the following:
1:- The Ca2+-induced Ca2+ release (CICR) model
(Goldbeter et al., 1990), a two-pool model that has cytoso-
lic Ca2' acting to release Ca21 from an IP3-insensitive
store with ryanodine receptors. Although the ryanodine re-
ceptor plays an important role in many cells, immunologi-
cal and biochemical experiments on the Xenopus oocyte
(Parys et al., 1992) do not reveal the presence of the rya-
nodine receptor that is responsible for CICR in muscle and
other cells (Endo et al., 1970; Fabiato, 1983; Tsien and
Tsien, 1990).
2. The model of Somogyi and Stucki (1991), which in-
volves one intracellular Ca21 storage compartment with co-
operative and positive feedback of Ca2+ on its own release
through an IP3-sensitive channel. This model is not consis-
tent with experimental evidence, which shows that the IP3R
is modulated both positively and negatively by Ca2+ (Parys
et al., 1992; Bezprozvanny et al., 1991; lino, 1990; Finch
et al., 1991; Parker and Ivorra, 1990; lino and Endo, 1992).
3. The model of DeYoung and Keizer (1992) is a kinetic
channel model of the IP3R that represents the dynamics of
the IP3R as transitions of the channel's subunits through eight
substates. Although an excellent channel model, this model
is far from minimal and involves a set of nine coupled or-
dinary differential equations, which, by using a rapid equi-
librium argument, may be simplified to a set of five.
There is also controversy regarding the mechanism of
[Ca2"], wave propagation, and a number of qualitative
models have been proposed. The models all contain posi-
tive feedback but differ on mechanisms and on whether
Ca21 or IP3 is the propagating messenger. It has been pro-
posed (Goldbeter et al., 1990; Girard et al., 1992; Sneyd et
al., 1992) that the wave is propagated by Ca2+ diffusion
and then amplified by CICR. Ehrenstein and FitzHugh
(1986) and Meyer and Stryer (1991) propose that the wave
is propagated by IP3 diffusion through a positive feedback
mechanism that involves Ca2' activation of PLC, and
Lechleiter and Clapham (1992) and others (Parys et al.,
1992; DeLisle and Welsh, 1992) propose that wave propa-
gation is controlled by IP3-mediated Ca2' release from the
IP3R but is modulated by the cytoplasmic concentration
and diffusion of Ca2+.
The goal of this work has been to integrate into a mini-
mal model current knowledge regarding the important
components of the cellular machinery that produce Ca2+
oscillations and waves in the Xenopus oocyte. The model
for oscillations (the temporal model) should not only pro-
duce the features of observed oscillations but also be
simple enough to elucidate the essential properties respon-
sible for these phenomena. The temporal model, when spa-
tially extended, should also reproduce the observed spatio-
temporal behavior of Ca2+ in the Xenopus oocyte.
Therefore, our model contains only one intracellular pool
of Ca2+ that releases Ca21 through the IP3R. The IP3R is
assumed to be modulated by [Ca2+]c in a biphasic manner,
with Ca2+ release inhibited by low and high [Ca2+]c and
facilitated by intermediate [Ca2+]c. The model also sepa-
rates the time scales of channel activation and inactivation,
such that inactivation occurs on a slower time scale (Finch
et al., 1991).
Ca2+ OSCILLATIONS
The model
A schematic of the model can be seen in Fig. 1. Binding of
an agonist to a cell surface receptor initiates, through the
PI-linked pathway, the production of IP3 as well as DAG. IP3
can then bind to an IP3R of an internal Ca2+ pool to release
Ca21 from this pool. Cytosolic Ca2+ can then facilitate or
inhibit further Ca2' release, depending on which IP3R Ca21
binding domain it activates (see theAppendix for a derivation
of the model). Ca2+ can also be extruded from the cytosol
in a [Ca2+]c-dependent manner through reuptake by the pool
or pumping to the extracellular medium. Meanwhile, a rela-
tively small amount of Ca21 is leaked into the cytosol from
outside the cell.
The model equations are (see Appendix)
dc
dt = channel Jpump + Jleak
dn
Tn dt= n(c) - n
(1)
(2)
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FIGURE 1 Schematic representation of the elements in the calcium wave model. Agonist-bound receptor (R) activates the G protein (G) by catalyzing
the exchange of GTP for GDP. Phosphotidylinositol-(4,5)-bisphosphate (PIP2) is hydrolyzed by its phosphodiesterase (PLC) to DAG and IP3. IP3 diffuses
to binding sites on the IP3 receptor (IP3R), where it opens the calcium-permeable channel and allows calcium to flow out of the endoplasmic reticulum.
Calcium coming out of the channel inactivates the channel (-) and diffuses to the next store site, where it enhances (+) the sensitivity of the IP3R to IP3.
Calcium is taken back into the store via Ca21 pumps. Calcium leaks into the cell and out of the ER through as yet undefined pathways, perhaps via the
calcium pump protein itself. Reproduced with permission from J. Amundson and D. Clapham, Curr. Opinions Neurobiol. 3:375-382, Fig. 2.
where
Jchannel kfluxA(iIP3])n b + k + C) (
Jpump = k + C (4)
Jleak == (5)
c2
n (c) = 1- (6)
,u([IP3 AO + Al ]3 . (7)
The variable c, in micromolar units, represents [Ca2]+, and
the dimensionless variable n represents the proportion of
IP3Rs that have not been closed by Ca2+. Here, each J term
represents a concentration flux and has units of ,uMs-1. By
assuming constant volume, each J term is simply related to
the appropriate Ca2+ current, I; details are given in the Ap-
pendix. Jchannel represents the Ca2+ flux through the IP3R,
Jpump represents the Cac21 flux due to the [Ca2+]c-dependent
pumping of Ca2+ out of the cytosol, and Jleak represents the
Ca2 flux due to Ca2+ leaking into the cytosol. The expres-
sion chosen for Jpump has little qualitative effect on model
behavior, and thus we just used a simple expression. Incor-
poration of more detailed experimental information on the
properties of the SERCAATPase pumps (Lytton et al., 1992)
is left for future work. Furthermore, we omit from the model
any consideration of the lumenal Ca2 . If the ER is locally
depleted of Ca2' during the passage of a wave or during an
oscillation, one would expect that the concentration of Ca2+
in the ER would have a significant influence on oscillatory
and wave properties. However, it is not yet known whether
such depletion occurs in Xenopus oocytes. Further investi-
gation of this point, and the construction of more detailed
models, awaits further experimental work.
The function n. represents the steady state of n as a func-
tion of c (since at steady state dn/dt = 0 from Eq. 2, it follows
that n = n. at steady state), and 1i([IP3]) is the proportion
of IP3Rs that have their IP3 binding domain activated.
As described in the Appendix, the IP3R is modeled in a
way similar to that of the modeling of channel subunits in the
Hodgkin-Huxley model of electrical impulse propagation in
the nerve axon (Hodgkin and Huxley, 1952). Our variable n
is directly analogous to the inactivation variable h in the
Hodgkin-Huxley equations. Values for the model parameters
are given in Table 1.
It is important to point out that the functional form of Eq.
3 was chosen so as to be consistent with the steady-state
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TABLE 1 Parameters of the temporal model
Parameter Value
b 0.111
V1 0.889
(3 0-0.02 tM-s-
'Y 2.0 jiM s-1
Tn 2.0 s
k, 0.7 ,uM
k-y 0.1 ,uM
k2 0.7 ,uM
kflux 8.1 ,uM s-'
b is the proportion of IP3Rs that have domain 2 (see Appendix) spontane-
ously activated in the absence of bound Ca2+ and represents a basal current
through the channel. V1 is the proportion of IP,Rs that are activated by the
binding of Ca2+ (i.e., have domain 2 activated by the binding of Ca21; see
Appendix). Note that b + V1 = 1. ( is the constant rate of Ca21 influx into
the cytosol from the outside. y is the maximmum rate of Ca21 pumping from
the cytosol. ky is the [Ca2+]c at which the rate of Ca2+ pumping from the
cytosol is at half-maximum. Tn is the time constant for the dynamics of n,
the proportion of IP3Rs not closed by Ca2+ (i.e., the time constant for the
activation of domain 3; see Appendix). 4ux is the maximum total Ca21 flux
through all LP3Rs and is described in more detail in the Appendix. b, V1, kl,
and k2 were determined by fitting to the data of Parys et al. (1992). y and
ky are chosen to be physiologically reasonable (Carafoli, 1987), and 3 is
varied in a physiologically reasonable range.
channel Ca2' efflux data of Parys et al. (1992) (Fig. 2) for
the IP3R from Xenopus oocytes. Also, pi and Ai1 are chosen
such that when [1P3] is low [Ca2+]c is low and nonoscillatory,
and when [IP3] is high [Ca2+]c is elevated and nonoscillatory.
Thus, for a range of agonist stimulations between these two
levels, the steady-state [Ca2+Ic is oscillatory (Fig. 3). This
representation of ([IPj3) does not qualitatively affect the
results and only serves to translate them in terms of [IP3].
Since oscillations occur at constant [1P3], we need not con-
sider IP3 dynamics in the model for oscillations. Thus, in this
section ,u will be treated as a parameter that may be held fixed
at any desired level between 0 and 1. In mathematical terms,
pt is treated as the bifurcation parameter. However, IP3 dy-
namics is important in the spatial propagation of Ca2+, and
thus the dependence of ,u on [1P3] is included in the extended
(spatial) model.
Modeling of the Ca2l flux through the IP3R in this manner
is simply a macroscopic representation capturing the essence
of other channel models (DeYoung and Keizer, 1992). In fact,
the model presented here is very similar to a simplification
of the DeYoung and Keizer model (Keizer and DeYoung,
1993). It is interesting that two very different approaches (a
physical as opposed to a phenomenological channel model)
give essentially the same result.Akey feature of both models
is the separation of the time scales of [Ca2+]c-dependent
activation and inactivation of the channel, with inactivation
occurring more slowly than activation, which is supported by
Finch et al. (1991), who show that cytosolic Ca2+, at physi-
ological concentrations, rapidly activates and more slowly
inactivates 1P3-induced Ca2' release. Thus, choosing -Tn > 1
s serves to accelerate activation compared to inactivation. We
assume that channel activation by Ca2" is instantaneous.
1
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FIGURE 2 (A) Steady-state efflux of Ca21 from the IP3R (as a percentage
ofmaximum) versus [Ca2+Ic. Figure taken from Parys et al. (1992) showing
data from Xenopus oocytes. (B) Model simulations of Ca2+ flux versus
[Ca2+]c for different [1P3]. Different curves correspond to ,u = 0.117 (curve
1), 0.167 (curve 2), and 0.217 (curve 3). Note that the experimental curve
measures the Ca2+ efflux as a percentage of the total Ca21 in the pool, which
is slightly different from the theoretical curves, which measure the Ca21 flux
through the receptor. Although a direct quantitative comparison is therefore
inappropriate, the experimental data may be used as a guide for the con-
struction of the theoretical steady-state curve.
Characteristics of oscillations and comparisons
with experiments
Analysis of the model shows that, under certain physiologi-
cal conditions, the model exhibits oscillations for an inter-
mediate range of [PP3]. For an [PP3] not in this oscillatory
range, a stable steady state of [Ca2"]c (c58) exists, which
increases with increased [IP3] (thus with increased ,). At
high [1P3], the system reaches a stable steady state charac-
terized by a sustained elevated [Ca2"]c (Fig. 3). Such quali-
tative behavior has been observed in a variety of cells
(Lechleiter and Clapham, 1992; Berridge and Irvine, 1989;
Cuthbertson, 1989; Harootunian et al., 1989; Rooney et al.,
1990). Note that oscillations occur at a fixed [IP3].
The parameters used in the model are given in Table 1.
For these parameter values, oscillations occurred for 0.578 '
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FIGURE 3 Bifurcation diagram for the model
showing the steady-state [Ca2"]c (curve 1) versus the
bifurcation parameter, ,u, which represents the pro-
portion of IP3Rs that have IP3 bound (i.e., have do-
main 1 activated; see Appendix). In the oscillatory
range of ,u (0.578 ' p, ' 0.988) the maximum and
minimum amplitude of oscillations are represented by
curve 2. The steady-state curve was found by setting
the derivatives of c and n to zero and solving for c. The
dashed line represents an unstable steady state. (Inset)
Oscillations in [Ca2+]c produced by raising the level
of agonist stimulation, ,u, to 0.583 at time 0, for a cell
initially at a steady-state [Ca2+]c of 102 nM. The
minimum value of [Ca2+]c during the oscillations is
approximately 40 nM. This curve was obtained by
numerical integration of the model equations.
+
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proportion of IP3Rs with bound 'P3, g
pt . 0.988, which corresponds to 120 nM ' css 910 nM.
The model exhibits excitable behavior at pre-oscillatory
stimulation levels. A suprathreshold Ca21 pulse results in a
transient yet substantial excursion from the steady state. This
mimics the behavior of CICR yet is the result of the bell-
shaped Ca2+-dependent dynamics of the IP3R and, to a lesser
extent, the lag in inactivation compared to activation.
In most simulations a value of 0 was used for (, the ex-
tracellular rate of Ca21 leakage into the cytosol. This was
done to simulate the experimental conditions in which there
was little or no extracellular Ca21 present when oscillations
and waves were induced (Lechleiter and Clapham, 1992).
Amplitude, period, and latency of oscillations
In most preparations, including those ofXenopus oocytes, the
frequency of oscillations increases with increased agonist
stimulation, whereas the amplitude remains relatively con-
stant within a wide range of stimulation. With the cell in a
nonoscillatory steady state, a transient of IP3 is used to induce
[Ca2+]c oscillations. The time from the release of the IP3 to
the appearance of the first [Ca2+]c peak is termed the latency
of the oscillations. Latency has been observed to decrease
toward a final plateau with increased stimulation. Figs. 3 and
4 show the relationship between amplitude, period, and la-
tency in our model. These results are in qualitative agreement
with the observed behavior in many cells, including the
Xenopus oocyte (Lechleiter and Clapham, 1992; Berridge
and Irvine, 1989; Harootunian et al., 1989; Parker and Ivorra,
1992; Berridge and Galione, 1988; Quin et al., 1988; Sage
and Rink, 1987).
Latency correlates with period
Experimental observations indicate that latency is a linear
function of the period (Rooney et al., 1990). Our model gives
reasonable agreement with the experimental results, giving
a least-square fit line with slope 2 to the period versus latency
points (Fig. 4).
Ca2+ superfusion protocol
Using a superfusion protocol, Finch et al. (1991) investigated
the dependence of IP3-induced Ca2+ efflux on [Ca2+]c. At a
fixed [1P3], [Ca2+]c was stepped up and held fixed for 2 s,
and the resulting net Ca2+ efflux was measured. The protocol
was repeated for different steps of [Ca2+]c. They presented
their efflux amount as a percentage of the total initial amount
of Ca2' release by the vesicle. In our simulations [Ca2+]c
was stepped up and held fixed for 10 s (since it did not reach
a steady state in 2 s), and the rate of efflux was measured by
the net channel flux, Jchannel (Fig. 5). Simulation results, in
both the form and characteristics of the rise and fall of the
efflux rate, give good qualitative agreement with their ex-
periments. In both the experimental and simulation results,
higher steps of [Ca2+]c produce higher peaks, and these fall
at a faster rate. Also, in the simulation results, notice the
manifestation of the biphasic steady-state flux curve toward
the later time points, with the curves corresponding to in-
termediate [Ca2+], (150-650 nM) possessing larger Ca21
efflux rates than those corresponding to other [Ca2+]c. Due
to the vertical scaling of figure of Finch et al., the manifes-
tation of the steady-state biphasic curve may not be readily
apparent in their data.
Paired-1P3 pulse protocol
Parker and Ivorra (1990) used light-flash photolysis of caged
IP3 to generate transients of free IP3 in the cytoplasm of
Xenopus oocytes. The resulting liberation of Ca2+ from in-
tracellular stores was monitered by recording Ca2+-activated
Atri et al. 1731
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FIGURE 4 Period and latency of oscillations versus
proportion of IP3Rs with IP3 bound, ,u. (Inset) Period
versus latency of the oscillations. The least-squares
best-fit line through the points has a slope of 2.
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membrane currents and by the use of the fluorescent Ca2"
indicator fluo-3. The experiments were composed of light
pulses of equal intensity and duration (0.05 to 0.1 ms), with
the time interval between the paired pulses serving as a vari-
able. In each pair the response to the first pulse served as the
control, and the data were presented as the interval between
pulses versus response size (percentage of control response).
Fig. 6 a shows their results as measured with fluo-3. Their
measurement exhibits an inhibition of Ca2" release in the
2-5-s range, which gradually diminishes. The transient in
free IP3 was simulated with a step increase in ,u for a duration
of 0.14 ms. As can be seen from Fig. 6 b, our simulations
FIGURE 5 Dependence of IP3-induced Ca2l efflux
on [Ca2+]c. Model simulation of Finch et al.'s protocol
showing the rate of Ca2l release into the cytosol versus
time. ,u = 0.217, and [Ca2+]r is held fixed for 10 s. The
different curves (as the peaks increase) correspond to
[Ca2+]C's (nM) of 100, 150, 300, 500, 650, 800, and
1000.
0 2.5
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4-4
exhibit an inhibition of Ca2" release in the 2.5-5-s range and
agree qualitatively with the results of Parker and Ivorra.
IP3 and Ca2+ flash photolysis protocol
lino and Endo (1992) analyzed the kinetics of IP3-induced
Ca2' release following flash photolysis of caged IP3 or Ca21
to demonstrate that Ca2+-dependent immediate feedback
control is an important determinant of the time course of
Ca2' release in smooth muscle cells. In order to measure
Ca2' release into the cytosol, Ca2+ uptake by the ER was
eliminated. In one experiment the dependence of Ca21
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FIGURE 6 Time course of facilitation and depression of Ca2+ release
measured with paired pulses of IP3. (A) Figure from Parker and Ivorra
(1990) showing response size (percentage of control), as measured by fluo-3
signal, versus interval between pulses. Paired pulses are identical in intensity
and duration. For different pairs of pulses the duration of the pulses varied
from 5 to 100 ms. (B) Simulation result for identical pulses of duration 14
ms and intensity ,u = 0.967.
FIGURE 7 Dependence of Ca2l release on the pre-flash [Ca2+]c
([Ca2+],.1t). (A) Figure from Iino and Endo (1992) showing the time course
of Ca2' release in the presence of 100 ,uM fluo-3 for [Ca2+]1n,t of 40 nM
and 250 nM with no Ca2+ uptake. The difference between [Ca2+], and
[Ca2+linit (A[Ca2 ]lot) is plotted versus time (s). Reproduced with permis-
sion from Nature (Lond.). 360:76-78. C 1993 Macmillan Magazines Lim-
ited. (B) Simulation results for [Ca2+]n,, of 48 nM (,u = 0.48) ( ) and
400 nM (,u = 0.603) (---- ). A[Ca2+]tot is plotted versus time. The flash
releasing IP3 is simulated by a step increase of ,u to 1.0 for a period of 500
ms starting at 0.5 s, and the pump is disabled (,y = 0).
Ca2+ WAVES
release on pre-flash [Ca2"], is investigated. When caged IP3
is photolysed at a pre-flash [Ca2+]c ([Ca2+]iit) that is near
the peak of the biphasic Ca2+ dependence of IP3-induced
Ca2+ release, the lag time in Ca2+ release becomes shorter,
the initial rate of Ca2+ release greater, and the slowing of
Ca2' release starts earlier than when a much lower [Ca2+]init
is used (Fig. 7 a). Model simulations of this protocol give
excellent qualitative agreement with the experiments (Fig. 7
b). The release of IP3 was simulated by a step increase of ,u
for a period of 100-500 ms, the pump was disabled by setting
y = 0, and the difference between [Ca2+]c and [Ca21]init
(A[Ca]2+1]t) is measured and plotted versus time.
The Model
We extend the model to two spatial dimensions and add cy-
tosolic diffusion and breakdown of IP3, and cytosolic dif-
fusion of Ca2+. The model equations are
ap_
a( = DPc(P + Pyy)- kpP
dc
=D V, c
at (c + cyy) + knux.(P)n b + k +c
yc
ky + c
(8)
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dn
"dt (10)
where
tt(P) = tto + k+ P'(11)
and noc(c) is the same as before (Eq. 6). P is [1P3], while Dc
and Dp are the cytosolic diffusion coefficients of Ca2` and
IP3, respectively. Since IP3 dynamics are important to the
spatial model, an IP3 equation (Eq. 8) is included that rep-
resents the rate of change of [IP3] in terms of diffusion and
linear breakdown of IP3. Furthermore, the proportion of
IP3Rs that are activated by IP3 (g), which can serve to rep-
resent the level of agonist stimulation, is now appropriately
represented as a function of [IP3] (Eqs. 7 and 11). It is im-
portant to understand that the form of ,(P) is dependent on
cell type and functions to control the range of IP3 concen-
trations for which oscillations are observed. For instance, a
larger Hill coefficient would serve to decrease the range of
[IP3] for which oscillations are observed but would not affect
the qualitative behavior of the model, affecting only the
quantitative translation of the results in terms of [PP3]. Simi-
larly, our value for k1. is somewhat arbitrary. As can be easily
seen, P may be rescaled throughout by k, without changing
the model equations. Setting k,, = 4 ,M results in Ca2`
oscillations over a physiologically reasonable range of IP3
concentrations. Unless otherwise specified, the parameters
used in the simulations are listed in Table 2.
A range of values was used for kp, the linear breakdown
rate of IP3. This was done to simulate both experiments with
IP3 and with IP3S3, which is not degraded (thus, we use kp
= 0 to simulate this). The intracellular half-life of IP3 has
been estimated to be about 4 s (Berridge, 1987), which gives
a kp = 0.17 s-1. The values of 300 and 20 1,m2 s-1 for Dp
and Dc, respectively, were chosen to be consistent with recent
experimental estimates (Albritton et al., 1992).
As in experiments that examine the IP3 dependence and
Ca2+ dependence of intracellular Ca2+ wave propagation,
intracellular release of IP3 or Ca2+ was used to generate Ca2+
TABLE 2 Additional parameters of the spatiotemporal model
Parameter Value
Dp 300 tLm2 s1
Dc 20 gm2 s1
kp 0-0.2 s-
kj,, 4.0 ,uM
lt0 0.567
Al 0.433
Dp and Dc are the cytosolic diffusion coefficients of IP3 and Ca2+, respec-
tively, and are consistent with recent experimental estimates (Albritton et
al., 1992). kp is the linear rate of IP3 breakdown kp = 0 is used to stimulate
experiments with IP3S3, and a kp 0.17 s-1 is consistent with experimental
evidence (Berridge, 1987) for the cytosolic half-life of IP3. po is the pro-
portion of IP3Rs that are activated at [IP3] = 0 ,uM (i.e., have domain 1
activated in the absence of bound IP3; see Appendix), and g, is the pro-
portion of IP3Rs that are activated by bound IP3 (i.e., have domain 1 ac-
tivated with the binding of IP3; see Appendix). Note that Po + I,u = 1. Refer
to the text for more discussion of these parameters.
waves. We simulate this by elevating [1P3] or [Ca2`]c in a
region of the cell and holding this concentration fixed, in that
region, for a short amount of time (from a few hundred mil-
liseconds to a few seconds in different simulations). Our
simulation domain had dimensions of 250 X 250 gm in some
simulations and 500 X 500 ,um in other simulations. As ex-
pected, similar results were obtained regardless of the do-
main size. The initial [IP3] and [Ca2+], for the rest of the
domain is set according to the experimental protocol being
simulated, which for many experiments is their steady-state
values of 0 and 100 nM, respectively. No-flux conditions
are chosen to simulate the cell boundaries.
Most of our simulations are performed with no influx of
Ca21 from the outside (,B = 0). However, the dependence of
wave speed and baseline [Ca2+]c on the amount of Ca21
influx into the cytosol from the outside was investigated by
varying ,3, the constant influx rate of Ca2 , in some simu-
lations. Also, the effect of a [Ca21]c-dependent Ca2' diffu-
sion coefficient (Albritton et al., 1992) on the waves pro-
duced by the model was investigated.
RESULTS
The most interesting prediction of the model is unless Ca21-
dependent inactivation of the IP3R occurs on a time scale at
least twice as slowly (i.e., Tr, 2 s) as Ca2+-dependent ac-
tivation of the IP3R, a propagating Ca21 wave will not be
generated. Note that Tr also influences the speed of recovery
from inactivation; as T,, increases, the width of the wave front
increases also.
Another characteristic of the Ca21 waves produced by
the model is that, regardless of the method by which a
wave is initiated, it behaves in the manner of waves in a
classic excitable medium. Therefore, colliding waves anni-
hilate because of the existence of a refractory period im-
mediately behind the wave. Meanwhile, waves initiated
from different foci may also fuse to form a joint wave-
front. Fig. 8 shows a typical profile for a traveling wave
produced by the model. The relationship between the wave
speed, the diffusion coefficents of Ca2' and IP3, and the
rise time of the wave front is discussed in detail in Sneyd
and Kalachev (1993). Suffice it to say here that, without
detailed consideration of Ca2' buffering, it is inappropriate
to compare the detailed structure of the wave front to ex-
perimental results; only more general qualitative results
may be obtained.
Planar and circular waves initiated by IP3 release
Lechleiter and Clapham (1992) obtained propagating planar
waves of Ca2' by photoreleasing IP3 in a narrow band within
the Xenopus oocyte. We simulate these experiments by el-
evating [IP3] and holding this concentration fixed for 300
milliseconds, on one side of the cell. A propagating planar
wave of Ca2' emanates from this region and travels across
the cell (not shown). The speed of the wave is dependent,
among other things, on the square root of the cytosolic dif-
fusion coefficient of Ca2", \/Dc. As Dc was varied from 20
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FIGURE 8 Propagation of a traveling wave of Ca2+ (in one dimension)
for a simulation with cytosolic diffusion of Ca21 (Dc = 50 pLm2 s-1) and
,u held constant across the whole cell (,u = 0.578). [Ca2+]c is plotted versus
distance along the cell. A wave was started using a step increase of [Ca2 ]c
to 0.9 ,uM on the left side of the domain while the rest of the domain is at
a steady-state [Ca2+]. of 130 nM. The waves correspond to times of 28
(curve 1) and 34 (curve 2) s. The wave is propagating at approximately 11
,um s-l.
to 50 ,Im2 s' the wave speed varied from 7 to 11 ,um s-'.
These wave speeds are in good agreement with experimental
measurements, which range from 5 to 25 pLm s-1 (Girard
et al., 1992; Girard and Clapham, 1993). If the initial el-
evation of [RP3] is high enough or the rate of breakdown of
IP3, kp, is low enough, then subsequent Ca2+ waves will be
initiated from the same region. This is because, under these
conditions, [IP3] will remain high enough in that region for
enough time to initiate subsequent wave activity. Conversely,
if IP3 breakdown is fast enough, elevation of IP3 in a local
region fails to initiate a propagating wave because of the
dispersal and degradation of IP3 (Fig. 9).
The general scenario for IP3-induced Ca21 wave propa-
gation goes like this: the initial bolus of IP3 initiates Ca21
release through the IP3Rs in the region of high [IP3]. Mean-
while, IP3 primes other IP3Rs (i.e., activates domain 1) as it
diffuses rapidly outward and initiates some release of Ca2 ,
since at low [Ca2+]c domain 2 is activated and domain 3 is
inactivated (see Appendix). The released Ca2' diffuses more
slowly and, upon reaching the primed IP3Rs, initiates greater
Ca2' release by activating domain 2. In this way an out-
FIGURE 9 Circular wave induced by IP3 re-
lease. Simulation result on a domain of dimensions
250 X 250 ,um that is initially at a steady state
[Ca2+]c of 100 nM. [IP3] is raised to 2.5 ,uM for 300
ms on a square region with sides of 30 ,um in the
center of the domain, while [IP3] is initially 0 jiM
elsewhere. A circular wave is initiated from the re-
gion of elevated [IP3] but dies away within a radial
distance of 100 jim. There is a relatively fast break-
down of IP3 in this simulation (kp = 0.2 s-1). s s
wardly propagating Ca21 wave is generated. When [Ca2+],
starts to peak, [Ca2+] activates domain 3 on the IP3R, in-
hibiting Ca2+ release through the channel. With many chan-
nels inactivated, Ca2+ release drops, and the pumps remove
the cytosolic Ca2+ back into the intracellular pool and to the
outside of the cell (the latter is of little consequence for re-
gions more toward the inside of the cell and away from the
plasma membrane). As a result [Ca2+]c begins to drop and
a waveback is created. The region behind the waveback ex-
periences a classic refractory period, which is enhanced by
channel inactivation occurring on a slower time scale than
activation.
Planar and circular waves initiated by Ca2+
release
We simulate experiments in which a large amount of IP3S3
is used to keep [IP3S3] almost constant across the whole cell
while a locally elevated [Ca2+]c produces a propagating
Ca21 wave. We thus elevate [1P3] and keep it constant
throughout the cell while a region of elevated [Ca2+]c (el-
evated for a few hundred milliseconds to a few seconds)
becomes the initiating site for a propagating wave of Ca2 .
Fig. 10 a shows an observed planar Ca2+ wave in the Xeno-
pus oocyte, and Fig. 10 b shows a planar wave obtained from
a model simulation.
In this scenario, because of a significant and constant [IP3]
throughout the cell, most IP3Rs are already primed. The el-
evation of [Ca2+]c then initiates Ca2+ release and wave
propagation through Ca2+ activation of the IP3R and diffu-
sion of Ca2+.
Spiral waves
Spiral waves can arise as part of a wave front encounters a
refractory region and starts to bend around itself. Once this
bending is initiated, the curvature dependence of the velocity
of the wavefront can maintain spiral wave propagation
(Keener, 1986; Zykov, 1980). It must be pointed out that the
curvature dependence of the wave velocity depends on the
nature of the excitable media (Sneyd and Atri, 1993).
We can obtain a propagating spiral wave by having part
of a Ca2+ wave encounter a refractory region where [Ca2+]c
is below steady-state levels for a short time. The rest of the
cell is initially at a steady-state level of [Ca2+]c, while [1P3]
is constant throughout the cell. Fig. 11 (a and b, respectively)- ~~~~~~~~~~~~~1.0,UM
l..tM
9s~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 17...
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FIGURE 10 (A) Planar Ca21 wave in the Xenopus oocyte. The images
are 420 X 420 ,um, and the signal is measured from a 40-pum slice at the
surface of the oocyte. Images have not been filtered or subtracted. The
velocity of this wave is 13 ,um-s-1. Intracellular Ca2+ levels were imaged
in oocytes of albino Xenopus laevis toads as described previously (Girard
et al., 1992). Briefly, oocytes were manually defolliculated from surgically
obtained ovarian lobes and microinjected with 50 nl of 0.25 mM calcium
green dye. Ca21 transients were stimulated by microinjection of the IP3
analogue 3-deoxy IP3 (a gift of Dr. A. Kozikowski) to give a final con-
centration of 0.5 ,uM. Images were collected at 1 Hz with a Biorad MRC-600
confocal microscope. (B) Simulation on a domain of dimensions 250 x 250
pm with a [FP3] of 95 nM across the whole domain. [Ca2+]C is raised to 2.0
,uM, for 6 s, on a rectangular region of width 30 ,um on the whole upper
part of the domain, while [Ca2+]C is initially 129 nM elsewhere. A planar
propagating wave of Ca21 is initiated from the region of elevated [Ca2+]c
and travels across the domain.
shows an observed spiral from aXenopus oocyte and a spiral
produced by a model simulation.
Dependence of wave speed and baseline [Ca2+]c
on Ca2+ influx
Girard and Clapham (1993) observed both an acceleration of
Ca wave speed and an increase in baseline [Ca2+]c with
increased influx of Ca2+ from outside the cell. We simulated
increased influx of Ca2+ into the cytosol from the outside by
increasing 13, the constant influx rate of Ca21 from the out-
side. Not surprisingly, baseline [Ca2+]c increased with in-
creasing P3. Interestingly, we also found the wave speed to be
an increasing function of P3. As we varied (3 from 0 to 20
nM-s-1, the mean wave speed increased from 11.1 to 13.1
,um-s1i (Fig. 12).
t=Os 6s
.9 pM
.03 pM
t=O s 8 s
FIGURE 11 (A) Spiral Ca2+ wave in theXenopus oocyte. The image size
is 420 X 420 ,um, and the signal is measured from a 40-p.m slice at the
surface of the oocyte. The rotational period of the spiral is about 12 s/ro-
tation. (B) Simulation result on a domain of dimensions 250 X 250 p.m with
a [PP3] of 95 nM across the whole domain. A spiral wave results when part
of a circular wave front of Ca2' encounters a rectangular region of low
[Ca2+]. ([Ca2+1] = 20 nM). Initially the whole domain has a steady-state
[Ca2+]c of 129 nM except for a small square region with a [Ca2+]c of 920
nM, which is used to induce the circular wave, and a small rectangular
(refractory) region of [Ca2+]C.
11.0
0 5 1 0 1 5 20x103
influx rate of extracellular Ca2+ into the cytosol, ,B (gM/s)
FIGURE 12 Acceleration of wave speed with increased influx of Ca2"
into the cytosol. Planar wave speed (,um-s-1) versus the rate of extracellular
Ca21 influx into the cytosol, (3 (,uMs-1). Error bars are centered at mean
calculated wave speed. Anumerical uncertainty of ±0.3 ,um s- in the wave
speed is a result of the discretization of the model equations. The least-square
best-fit line to the data is shown.
Using a [Ca2+]c-dependent Ca2+ diffusion
coefficient
Albritton et al. (1992) suggest that the cytosolic diffusion
coefficient of Ca2+, Dc, is a sigmoidal function of [Ca2+]c.
Letting DC(c) denote this [Ca2+]c-dependent diffusion co-
efficient, we found that
Dc(c) = Co + k + c2 (12)
with co = 10 ,im2-s-1 D = 200 pIm2 s-1, and k, =
2.5 tLM2 gives a reasonable fit to their data. This
[Ca2+],-dependent diffusion coefficient had very little effect
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on the model's behavior. There was little change in either the
wave speed or profile. During a model wave, the peak [Ca2+]
is about 0.8 ,uM. Thus, during passage of a wave, Dc varies
from about 10 to 50 gm2.S-.
DISCUSSION
Our model serves as a minimal model of intracellular Ca2+
oscillations and waves in the Xenopus laevis oocyte. It cap-
tures the essential macroscopic elements sufficient to pro-
duce the wide range of spatiotemporal behaviors of Ca2+
inside the Xenopus oocyte. Our model thus shows the suf-
ficiency of the following three characteristics in producing
temporal oscillations of Ca2+: (a) a single IP3-sensitive in-
tracellular pool of Ca2+; (b) the biphasic dependence of the
IP3R on [Ca2+]C; (c) the separation of time scales for IP3R
activation and inactivation. The model not only displays the
characteristic oscillatory behavior of Xenopus oocytes but
also gives good agreement with the experimental results of
Finch et al. (1991), Parker and Ivorra (1990), and lino and
Endo (1992). The model also displays excitability and
mimics CICR in Ca2' activation of the IP3R and, to a
lesser extent, in the lag in channel inactivation compared
to activation.
For an appropriate range of [1P3], oscillations of [Ca2+]c
occur at a constant [IP3]. Below this oscillatory range
[Ca2+]c is virtually unaltered by [1P3], while above this range
there is a sustained elevation of [Ca2+]c rather than oscil-
lations (Berridge and Irvine, 1989). Also in accord with ex-
perimental evidence, the frequency and latency of the os-
cillations, respectively, increase and decrease as [1P3]
increases, and the latency of the oscillations (the interval
from stimulation to first spike) is a linear function of the
period, with a slope of 2. In agreement with the experimental
results of Finch et al. (1991), the model predicts that for fixed
[Ca2+], IP3-induced Ca2+ efflux is initially increased but
decreases more rapidly for larger [Ca2+]c. Also, in agreement
with the results of Parker and Ivorra (1990), the model pre-
dicts that following a pulse of IP3, Ca2+ release from the
pool, as a result of a second identical pulse, is greatly in-
hibited in the time range of 2.5-5 s but gradually recovers
from this inhibition. Finally, simulation results agree with the
experiments of lino and Endo (1992), which analyze the ki-
netics of caged IP3-induced Ca2+ release following the flash
photolysis of caged IP3 or caged Ca2+ and demonstrate that
Ca2+-dependent immediate feedback control is an important
determinant of the time course of Ca2+ release.
The model of [Ca2+1] oscillations (i.e., the temporal
model) can then be used as a basis for a spatially extended
model for [Ca2+]c waves (i.e., a spatiotemporal model).
Thus, our model for [Ca2+]c oscillations was extended to two
spatial dimensions, with the inclusion of IP3 dynamics, cy-
tosolic diffusion of IP3 with a diffusion coefficient of 300
,um2 s- , and cytosolic diffusion of Ca2+ with a diffusion
coefficient of 20 gm2 s' . Model simulations produce many
of the observed spatiotemporal patterns of [Ca2+]c in the
eling waves of Ca2", which annihilate upon collision
(Lechleiter and Clapham, 1992). Waves can be produced by
increases of cytosolic [1P3] or by increases in [Ca2+]c when
a certain baseline [1P3] has primed the IP3R for excitable
release of Ca2+. Also, in agreement with experimental data
(Girard and Clapham, 1993), increasing extracellular [Ca21]
influx accelerates the wave speed and increases the baseline
[Ca2+]c. Making the cytosolic diffusion coefficient of Ca21
dependent on [Ca2+]c (Albritton et al., 1992) does not affect
the qualitative behavior of the model. Our model of Ca21
waves is, therefore, a quantitative realization of the model of
Lechleiter and Clapham (1992), who propose that biphasic
modulation of the IP3R by [Ca2+]c and a relatively faster
cytosolic diffusion of IP3 compared to Ca2' are the major
elements responsible for the generation and propagation of
Ca21 waves inside the Xenopus oocyte.
An advantage of our model is that it can very easily be
adapted to produce a model of intracellular [Ca2+]c oscil-
lations and wave propagation in any cell that uses the IP3R
as its primary source for release of Ca21 into the cytosol.
Once the biphasic dependence of IP3R activation on [Ca2+]c
is determined experimentally, this information can be incor-
porated into the model, in the same way the data from Xeno-
pus were, to produce an accurate model for the cell type
under consideration.
One model prediction is that IP3R inactivation must occur
on a slower time scale than activation in order for [Ca2+]c
waves to propagate. This lag in inactivation compared to
activation is not necessary to produce [Ca2+]c oscillations
but seems to be very necessary to propagating the [Ca2+]c
wave. Thus, whereas the channel dynamics plays a less in-
tegral role in the production of oscillations, it seems to play
a crucial role in the spatial propagation of the Ca21 signal.
This prediction stresses the importance of the dynamics of
the channel in propagating the Ca2+ signal.
The model also predicts a difference between the experi-
ments in which IP3 and IP3S3 are used to propagate Ca2+
waves. Since IP3S3 is not degraded it should support wave
activity (from pulsating foci or regions) for a greater length
of time. This is seen in model simulations (comparing simu-
lations with kp = 0 and kp > 0).
APPENDIX
The single channel model
Our model is based on the following simplified model of a single IP3R. It
must be emphasised that, although the model is described in terms of specific
physical processes, it is essentially phenomenological. The analogy with
physical mechanisms should not be given undue weight. We make the fol-
lowing assumptions about the IP3R:
1. The IP3R consists of three independent binding domains, each of
which may be in an activated or an unactivated state. We do not claim that
each of these domains corresponds to a single binding site-for instance,
2 Ca21 ions may bind cooperatively to different sites in domain 3. These
domains are merely a convenient way to group the physical binding sites
on the basis of functionality.
2. Domain 1 binds IP3, whereas domains 2 and 3 bind Ca2T. In order
Xenopus oocyte, including circular, planar, and spiral trav-
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to fit the experimental data, we shall assume that one IP3 binds to domain
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1, one Ca2l binds to domain 2, but two Ca2' bind cooperatively to domain
3. This is discussed later.
3. The IP3R will pass Ca21 current only if domains 1 and 2 are activated
and domain 3 is unactivated. Thus, activation of domains 1 and 2 will
increase the Ca21 flux, but activation of domain 3 will decrease the Ca21
flux. It follows that, since Ca2' binds to both domains 2 and 3, it can act
to either increase or decrease the Ca21 flux, depending on the domain to
which it binds.
4. Even when [[P3] and [Ca2+]c are zero, there is a nonzero probability
that domains 1 and 2 will spontaneously activate. This is equivalent to
assuming a basal current through the IP3R. However, this assumption may
be easily relaxed.
5. The Ca21 current through the IP3R is all or nothing. The total Ca21
flux from the internal pool into the cytoplasm is controlled by the number
of open channels.
With these assumptions, it follows that the probability that an individual
channel is open is given byp1p2p3, wherepi andp2 are the probabilities that
domains 1 and 2, respectively, are activated, and p3 is the probability that
Ca21 is not bound to domain 3 (unactivated). Thus, given a population of
N channels, the total steady-state calcium current through the IP3Rs, I, as
a function of the Ca2' and IP3 concentrations is given by
I = Niplp2P3,
where i is the Ca21 current through a single open channel and has units of
,uC sl. By assuming a constant volume, U, we can convert the Ca21 current
to a concentration flux, Jchannel, where
Nip1P2p3
Jchannel = 2N9'P
where 91 is Faraday's constant, with units of coulombs per mole. Finally,
we write kmux = NiI(2 _9U) to get
Jchannel = kfluxP1P2P3-
In our model, kflux and Jchannel have units of ,uMs-l.
We model Pl, P2, and p3 as functions of [RP3] and [Ca2I]c by assuming
cooperative kinetics (with Hill coefficients of 1, 1, and 2, respectively).
Thus, if we let c denote [Ca2+]c and P denote [IP3] then the following
equations result:
J.LP
Pliko+k +p (13)
P2 b+ k, + c (14)
C2
P3 k2 + c2* (15)
Hence, at the steady state
Jchannel = kfluxO + k +p b+ + c k2 + c2 (16)
It is important to note that this is a steady-state relationship only. Equa-
tions 14 and 15 are phenomenological: they were not constructed from
consideration of fundamental processes, but merely to agree with the data
of Parys et al. (1992) from the IP3R ofXenopus oocytes (the curve is shown
in Fig. 2 a). Equation 16 is, therefore, not a model prediction but was
constructed directly from consideration of the experimental data. The
steady-state proportion of channels with domain 2 activated is represented
by a Hill function with an exponent of 1 plus a small leak term. This serves
to account for the rising part of the bell-shaped curve and for the asymmetry
that has the left side of the curve elevated compared to the right side (i.e.,
even at very low [Ca2+]c there is a relatively substantial flux ofCa2+ through
the channel as compared to very high [Ca2+]1) (Fig. 2 b). Meanwhile, the
steady-state proportion of channels with domain 3 unactivated, p3(c), in-
volves Ca2+ cooperativity and acts as a negative feedback on the release
process, and thus, analogously, it is represented by a reverse Hill function
with an exponent of 2.
Although this is a less detailed construction than some previous models
have used (DeYoung and Keizer, 1992), it has some compensating advan-
tages, including ease of construction and modification for use in a wide
variety of cell types.
Dynamic behavior of the channel
For a fixed [Ca2+]c the steady flux through the channel is given by Eq. 16,
but we have not yet specified how the channel responds to a changing
[Ca2I]c. It turns out that this dynamic behavior is a crucial component of
the overall Ca2' response. Experimental data (Finch et al., 1991) indicate
that when [Ca2+]C is suddenly increased, the IP3R quickly activates and then,
more slowly, deactivates. We thus assume that binding domains 1 and 2
reach a fast equilibrium with IP3 and [Ca2+]c, but that domain 3 relaxes to
its steady state with time constant T,. If for notational convenience we use
n in place ofp3, we can then write the rate of change of c due to Ca21 flux
through the IP3R as
dc
= kfln + lp )n b+ VIc (17)dt UX kA +P/ k
dn c2
T-= 1 +- -n. (18)
The variable n in this model is analogous to the inactivation variable h
in the Hodgkin-Huxley equations.
Finally, including a constant Ca2+ leak from the extracellular space into
the cytoplasm and a Ca2+ pump that pumps CaQ2 out of the cytoplasm with
saturable kinetics, we get the complete model for Ca2+ oscillations (Eqs. 1-7
in the text).
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